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Abstract. We obtain the trace map images of the values of certain harmonic vol- 
umes for some quotients of Fermat curves. These provide the algorithm showing 
that the algebraic cycles called by k-ih Ceresa cycles are not algebraically equiva- 
lent to zero in the Jacobian varieties. We apply the method the case for the prime 
N < 1000, k = 1 and N = 7, 13, k < (N - 3)/2. 



1. Introduction 

Let X be a compact Riemann surface of genus g > 2 and J(X) its Jacobian variety. 
By the Abel-Jacobi map X — > J(X), X is embedded in J{X). Let Xj~ be the fe-th 
symmetric product of X and Wk its image of the Abel-Jacobi map. The algebraic 
/c-cycle Wk — W k in J(X), called by k-th. Ceresa cycle, is homologous to zero. Here 
we denote by W k the image of Wk under the multiplication map by —1. If X is 
hyperelliptic, Wk = W k ~ in J(X). For the rest of this paper, suppose g > 3. We 
put X — X~ = W\ — W7 ■ B. Harris [8] studied the problem whether the cycle X — 
X~ in J(X) is algebraically equivalent to zero or not. Roughly speaking, it can be 
"continuously" (algebraically) deformed into the zero cycle or not. See [5] for example. 
Faucette [1] also studied a sufficient condition that the algebraic cycle Wk — WZ is not 
algebraically equivalent to zero in J{X). We remark that Weil \\7\ pp. 331] mentioned 
the homologous zero cycle Wk — W k ~ in question. 

Let N be a prime number such that N = 1 modulo 3 and m be an integer m 2j t-m+l = 
modulo N. For the quotient of Fermat curve CV = C^ m , we denote f(N, k) by a 
value of the harmonic volume which is defined later using the special values of the 
generalized hypergeometric function 3F2. Using Otsubo's result pj], we obtain the 
main theorem 

Theorem 1.1. For the quotient of Fermat curve Cm and an integer k such that 1 < 
k < (N — 3)/2, if the value f(N,k) is not integer, then Wk — W k is not algebraically 
equivalent to zero in J (Cm). 



The harmonic volume / for X was introduced by Harris [7], using Chen's iterated 
integrals j3j. Let H denote the first integral homology group Hi(X;X) of X. The 
harmonic volume I is defined to be a homomorphism (H® 5 )' — > R/Z. Here (ff® 3 )' is a 
certain subgroup of i?® 3 . The twice 27 factors through the third exterior product A 3 H, 
and we call it the harmonic volume similarly. See Section [2] for the definition. Let Fm 
denote the Fermat curve for N G Z>4. Using I, Harris [H [9] proved that the algebraic 
cycle F4 — F 4 ~ is not algebraically equivalent to zero in J(F^). Ceresa [2] showed that 
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Wk — W k is not algebraically equivalent to zero for a generic X. For the Klein quartic 
Cy' 2 and Fermat sextic Fq, we [151 116] computed the harmonic volume using the special 
values of the generalized hypergeometric function 3F2 and showed that the algebraic 
cycle X — X~ is not algebraically equivalent to zero in J(X). Recently, Otsubo [TT] ably 
extended Harris' and our results, using a primitive iV-th root of unity and the trace 
map for the Fermat curve i*V. He obtained the algorithm showing that the algebraic 
fe-cycle Wk — W k ~ is not algebraically equivalent to zero in J(Fn). We find the above 
condition for N and another algorithm showing that Wk — W k is not algebraically 
equivalent to zero in J(Cjv)- For a complex algebraic variety V, we define the p-th 
Griffith group Griff P (V) which is generated by all the algebraic cycles of codimension 
p in V homologically equivalent to zero modulo algebraic equivalence. We also prove 
the Griffiths group of J(X) is nontrivial. Furthermore, Bloch [T] studied the Fermat 
quartic F4 by means of L-functions. 

We give our method to prove the algebraic cycle CV — C N is not algebraically equiv- 
alent to zero in J(CV), which is similar to Otsubo's one. See Hodge's letter [181 
pp. 533-534]. Let r\ m be a third exterior product of holomorphic 1-forms on Cjy. If the 
cycle CV — C N is algebraically equivalent to zero in J(Cjv), then the trace map image 
f(N, 1) G M/Z of the harmonic volume at rj m are zero modulo Z. In order to prove the 
cycle CV — C N is not algebraically equivalent to zero, we have only to show the above 
values are not zero. Similarly we obtain the method that Wk — WZ is not algebraically 
equivalent to zero. 

Now we describe the contents of this paper briefly. In Section [21 we introduce the 
harmonic volume and relation between it and the Ceresa cycle. Section [3] is devoted 
to definition of the Fermat curve and the trace map. In Section [H we define some 
quotients of Fermat curve and recall Otsubo's method. Using an algebraic condition, 
we obtain the harmonic volume f(N,k) of Cm- We carry the numerical computation 
of the value by means of the special values of the generalized hypergeometric function 

3-^2- 
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2. The harmonic volume and the algebraic cycle X — X 



We recall the harmonic volume [7J for a compact Riemann surface X of genus g > 3. 
We identify the first integral homology group i?i(X;Z) of X with the first integral 
cohomology group by Poincare duality, and denote it by H. The Hodge star operator 
* on the space of all the 1-forms A l (X) is locally given by *{f\{z)dz + f2(z)dz) = 
— \/—lfi(z)dz + y/—lf2(z)dz in a local coordinate z and depends only on the complex 
structure and not on the choice of Hermitian metric. We identify H with the space 
of all the real harmonic 1-forms on X with integral periods. Let (H® 2 )' be the kernel 
of the intersection pairing ( , ) : H ®i H — > Z. For the rest of this paper, we write 
® = ®z> unless otherwise stated. For any Y17=l °i ® ^ £ (H® 2 )', there exists a unique 

7] G A 1 (X) such that drj = ^A=\ a i A h and / rj A *a> = for any closed 1-form 

Jx 

a G Here and 6j are regarded as real harmonic 1-forms on X. Choose a 

point xq G X. 



Definition 2.1. (The pointed harmonic volume |14j ) 

For X^ILi a i ® h G (H® 2 )' and c £ H, the pointed harmonic volume is the homo- 
morphism (H® 2 )' ® H ->• E/Z defined by 

n r ,. 

mod Z. 

Here 77 G is associated to X^ILi a * ® ^* m * ne wa y stated above and 7 is a 

loop in X with the base point xq whose homology class is equal to c. The integral 

/ ciibi is Chen's iterated integral [3], that is, / ajfcj = / fi(ti)gi(t2)dt\dt2 for 

J7 J7 yo<ti<t 2 <i 

7* a « = fi{t)dt and 7*6^ = gi{t)dt. Here t is the coordinate in the interval [0, 1]. 




The harmonic volume is given as a restriction of the pointed harmonic volume I xo . 
We denote by (H® 3 )' the kernel of a natural homomorphism 

H® 3 iJ® 3 ; «®6®c^ ((a, b)c, (b, c)a, (c, a)6). 

The harmonic volume I for X is a linear form on (H® 3 )' with values in ]R/Z defined by 
the restriction of I XQ to (H® 3 )' , i.e., / = / Xo |(^®3y. Harris [7] proved that the harmonic 
volume / is independent of the choice of the base point xq. We denote A 3 H by the 
third exterior power of H and (A 3 H)' by the kernel of a homomorphism 

A 3 H -)■ H;a Aft A c H> (a, 6)c + (6, c)a + (c, 0)6. 

Then the natural map (H® 3 )' — > (A 3 H)' and 21 factors through 

21: (A 3 H) f E/Z 

m- 

Let J = J{X) and be the Jacobian variety and A:-th symmetric product of X 
respectively. By the Abel-Jacobi map X — > J(X), X^ is embedded in J. The image 
of Xfc is denoted by Wk- The algebraic fe-cycle Wk — W k ~ in J is homologous to zero. 
Here we denote by W k ~ the image of Wk under the multiplication map by —1. The 
cycle Wk — W k ~ is called the fe-th Ceresa cycle. We put W\ — W± = X — X~ . We say 
the an algebraic cycle 1-cycle C is algebraically equivalent to zero in J if there exists 
a topological 3-chain W such that dW = C and W lies on S, where S is an algebraic 
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(or complex analytic) subset of J of complex dimension 2 (Harris [9j). The chain W 
is unique up to 3-cycles. We denote by H >° and H ' 1 the space of all the holomorphic 
and untiholomorphic 1-forms on X respectively. From [8] and [9l 2.6], we have 

Proposition 2.2. If X — X~ is algebraically equivalent to zero in J, then 2I(oj) = 
modulo Z for any oj G A 3 H n (A 3 H lfi + A 3 H ^). 

If the value 21 (uj) is nonzero modulo Z for some oj G A 3 Hn (A 3 i/ 1,0 + A 3 !! ' 1 ), then 
X — X~ is not algebraically equivalent to zero in J. 

Generally, if Wk — is algebraically equivalent to zero in J and satisfying algebraic 
conditions. Then a constant multiple of 21{oo) is equal to modulo Z for any to G 
A 3 H n (A 3 ^ 1 ' + A 3 F 0,1 ). See Faucette @] and Otsubo [II] • In particular, Otsubo 
studied the good condition for the Fermat curve F^. 



For N G Z> 4 , let Fv = {(X : F : Z) G CP 2 ;I N + 7^ = Z^} denote the Fermat 
curve of degree N, which is a compact Riemann surface of genus (N — 1)(N — 2)/2. 
Let x and y denote X/Z and Y/Z respectively. The equation X N + Y N = Z N induces 



x N + y = 1. Here £ denotes exp{2TT^ —1/N). Holomorphic automorphisms a and /3 
of Fat are defined by a(X : Y : Z) = ((X : Y : Z) and /3(Jf : Y : Z) = (X : (Y : Z) 
respectively. Let ///v be the group of iV-th roots of unity in C. We have that a/3 = f3a 
and the subgroup of the holomorphic automorphisms of Fn generated by a and f5 
is isomorphic to /ijv x fj,]^. We denoted it by G. Let 70 be a path [0,1] 3 i 4 
(t, vl — t N ) G F(N), where y/l — t N is a real nonnegative analytic function on [0, 1]. 
A loop in Fn is defined by 



where the product l\ ■ £2 indicates that we traverse l\ first, then l^. We consider a loop 
a % f5' J '/Co as an element of the first homology group H\{Fn'-, Z) of F/y. It is a known fact 
that Hi(Fn;Z) is a cyclic G-module [Appendix in [6]]. 

Let I be an index set {(a, b) G (Z/NZ)® 2 ; a, b, a + 6 / 0}. For a G Z/iVZ \ {0}, we 
denote its representative (a) £ {1,2, . . . , N — 1}. A differential 1-form on Fjy is defined 
by 



The beta function B(u,v) is defined by / t u_1 (l - t) 1 '" 1 ^ for u,u > 0. We denote 

io 

B* b = B((a)/N, (b)/N). The integral of along a^' /Co is obtained as follows. 
Proposition 3.1 (Appendix in [6]). We have 



3. The Fermat curve 



«o = To • (£70) • (a/37o) • («7o) 



1 




■holo 



is a basis of 




a,b 

•0 = 
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We denote the 1-form Nuj^ b /B^ b by uj a > b . This implies / u^' 6 G Z[C]. 

Let -fC = Q(/ij\r) be the iV-cyclotomic field, be its integer ring and fix a primitive 
iV-th root of unity £. For a Z-module M, we denote the 0-module Mq = M (£> O. 
For each embedding a: K C, we may consider the 1-form ciA 6 as an element of Ho 
depending on the relation of <r(f;) and Q. 

The harmonic volume naturally extends to 

2I Q : {A 3 H)' -± (0<g>R)/£>. 
We have the natural isomorphism 



O 



n 



c 



where a runs through the embedding of K into 
the complex conjugation acting the set {a} and ( 
the cr-component of 21. Let Tr: [O ® R)/0 
Tvo2Ia = Yla- A'=->c^^cr- m or der to prove the nontriviality of 2Iq, it is enough to 
prove that of Tr o2Iq. 



! and + denotes the fixed part by 
at the same time. Let 21 a denote 
IfZ be the trace map. We obtain 



4. Some values of the harmonic volume for the quotient of Fermat 

CURVE 



4.1. Some quotients of Fermat curve. For a prime number N such that N > 5, 
we define the quotient of Fermat curve C^ b as projective curve whose affine equation 
is 

C a /:={(u,v) £C 2 ;v N = u a (l-u) b }. 
Here the integers a, b are coprime and satisfy < a, b < N. It is a compact Riemann 
surface of genus (N — l)/2. We denote by ir: Fn —> Cn the iV-fold unramified covering 
7r(x, y) = (u, v) = (x , x a y b ). For any integer h € {1, 2, . . . , N — 1}, there is a unique 
1-form • n ( ha )>( hh ) such that ttV^'^ = oj ha ' hb . Then we have {r) {ha),{hb) }{ha)+(hb)<N is 
a basis of H '° of Cat. See Lang [10] for example. 

For the rest of this paper, we assume that the prime number N satisfies N = 1 
modulo 3. There exists an integer 1 < m < N — 1 such that m 2 + m + 1 = modulo 
N. Set (ai,&i) = (l,m), (02,62) = {m,m 2 ), and (03,63) = (m 2 , 1). 

Lemma 4.1. T/ie above (a,i,bi)'s satisfy the assumption 4-4 i> n [II]- Furthermore, the 
conditions (hai,hbi) E Iholo^ = 1,2,3 are equivalent. 

Proof. Note that h+{hm) + (hm 2 ) = N or 2JV. We obtain that h+{hm) + (hm 2 ) = N 
if only and if (naj, /i6j) £ Iholo for each □ 

From now on, we put Cm = C N m . Since 7r is an iV-fold unramified covering, we 
obtain Nri^ ha ^^ hb ^ G iifo of Cat. In order to compute the harmonic volume of Cat, it is 
enough to substitute Nr] ha,hb for ip a,b in [11]. Set 

iVV' m A Nrf 1 ^™ 2 } A Nn^' 1 

Vm = (l_£-m 2 )(l_£-l) • 
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From Proposition 13.11 it is easy to show rj m is an element of (A 3 H@)' of Cjq. We have 
the equation 

Io(Vm) = NI (ir*T) m ) mod O. 
Here the harmonic volume of LHS is on CV, and that of RHS is on Fjy. Theorem 3.7 
in [TT] gives us 

Proposition 4.2. We obtain the value of the harmonic volume for Cm 
Tr o2I a {ri m ) = N 6 ^ f ^hm^hw? ^ 

J KQ 

where the sum is taken over h £ (Z/iVZ)* such that (hai,hbi) £ Ihoio- 

Remark 4.3. The conditions (/iaj, hbi) € Iholo an d h + (hm) + (hm 2 ) = N are equiv- 
alent. Otsubo defined the embedding a: K e — >■ C such that <r(£) = Q h . 



4.2. Hypergeometric functions and numerical computation. For the numerical 
calculation, we recall the generalized hypergeometric function 3F2. We denote the 

/•oo 

gamma function Y(t) = / e~ l t T ~ l dt for r > and the Pochhammer symbol (a, n) = 

Jo 

r(a + n)/r(a) for any nonnegative integer n. For x G {z 6 C; |z| < 1} and P\,f3 2 ^ 
{0, —1, —2, . . .}, the generalized hypergeometric function 3F2 is defined by 



ai,a 2 ,a 3 \ ^ («i, n)(q 2 , n)(q 3 , n) n 

If /3i+/32 — ai — a 2 — «3 > 0, then the generalized hypergeometric function 3F2 converges 
when \x\ = 1. See [13] for example. We denote 

N ( ai ,a 2 ,...,a n \ _ T(a 1 /N)T(a 2 /N)---T(a n /N) 
\ h, 6 2 , • • • ,b m J Tih/N^ih/N) ■ ■ ■ T(b m /N) ' 
Using proposition 5.3 in [TT], we have 

Proposition 4.4. 



, ,h,hm, ,hrn,hm 



2 =rN ( N - (hm),N - (hm 2 ) V / h/N,(h)/N,(hm 2 )/N A 

V ( hm ) / 3 2 \ X » 1 / 



«0 

2 



/or an integer h such that h + (hm) + (hm ) = N . 
Theorem 4.5. For £/ie quotient of Fermat curve CV, i/ £/ie value 



2N* y: I 

0<h<N Jk ° 
h+(hm)+(hm 2 )=N 



, h.hm, hm,hm 2 



is not equal to zero modulo Z. Then, the algebraic cycle CV — C N is not algebraically 
equivalent to zero in J(Cn). 



This value is independent of the choice of m, we denote it by f(N, 1). Furthermore, 
we set f(N,k) = kl N 4k ~ A f(N, 1) for a positive integer k. Using Corollary 4.9 in [TT] . 
it is to show 

Theorem 4.6. For the quotient of Fermat curve Cn and an integer k such that 1 < 
k < (N — 3)/2, if the value f(N, k) is not equal to zero modulo Z. Then, the algebraic 
cycle Wk — is not algebraically equivalent to zero in J (Cm)- 
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We show the table of the computation of f(N, 1) and Mathematica program [19] of 

W,k). 
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Figure 1. Table of the f(N, 1) 



The table Q] shows that the algebraic cycle Cn — C N is not algebraically equivalent 
to zero in J(Cjv) for N < 1000 satisfying the condition. 
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hv [n_, m_] : = 
2 * n A 6 * 

Sum [If [h + Mod [h *m, n] + Mod [h*m A 2, n] ==n, 1, 0] * 

Gamma [1 - Mod [h *m, n] / n] A 2 * Gamma [1 - Mod [h *m A 2 , n] / n] A 2 / 

(Gamma [Mod [h *m, n]/n] A 2)* 
HypergeometricPFQ [ {h / n, Mod[h*m, n] /n, Mod[h*m A 2, n] /n}, 

{1, 1}, 1], 
{h, 1, n- 1}] 

g[n_] : = Catch [Do [If [Mod [1 + m + m A 2, n] = 0, Throwfm]], {m, 2, n-1}]] 
f[n_, k _l :=If[Mod[n, 3] ==1, 
{n, g[n] , 

N[FractionalPart [k ! * n A (4 k - 4) * hv [n, g[n] ] ] , 5] 
}, {n, F}] 

Figure 2. Numerical calculation program of f(N,k) 
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